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ABSTRACT

Geomaterials exhibit highly nonlinear plastic deformation and fracture behaviors. Deep learning offers a promising
alternative by exploiting data-driven nonlinear mappings to bypass explicit equation construction. However, exist-
ing methods have difficulty in handling noisy small-sample geotechnical data and lack systematic integration of
physical priors (e.g., energy conservation, yield conditions) to ensure consistency. In addition, most alternative mod-
els are limited to material-scale predictions and need to be combined with traditional numerical methods to solve
problems related to boundary conditions, which affects efficiency. This study proposes a novel graph neural network
(GNN)-based surrogate model for plasticity-fracture modeling, bridging data-driven learning and physical principles.
The framework encodes state information (nodes) and interactions (edges) via a graph structure, enabling efficient
evolution prediction of physical fields while embedding interpretable mechanical components. Three numerical
examples validate the accuracy and computational efficacy of the proposed model.

1 | Introduction

The research objects of geomaterials (such as rocks, soils, etc.) usually exhibit highly nonlinear plastic deforma-
tion and fracture behaviors, and their evolution process is jointly controlled by multiscale structural characteristics
(such as pores, cracks, joints) and multiphysical field coupling effects (seepage, temperature, chemical corrosion).
In the traditional theoretical framework, although the constitutive models based on continuum mechanics or frac-
ture mechanics can partially describe the material responses, they still face significant challenges in characteriz-
ing complex path dependencies, cross-scale crack propagation, and heterogeneous geological body behaviors. At the
same time, conventional numerical methods (such as the discrete element method) are difficult to calibrate model
parameters when dealing with complex problems; the computational efficiency is low in large-scale engineering
problem applications, and it is difficult to meet the real-time analysis needs, especially in deep underground engi-
neering, geological disaster warning, and other scenarios. Therefore, more efficient solution strategies are urgently
needed.
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In recent years, the rapid development of deep learning technology [1-3] has provided new ideas for breaking through
the above bottlenecks. With its powerful nonlinear mapping ability, neural networks (NNs) can directly mine implicit
mechanical laws from experimental data or high-fidelity numerical simulations, thereby bypassing the complex explicit
equation construction process in traditional methods [4-8]. In particular, it has methodological advantages in dealing
with complex constitutive responses of heterogeneous materials [9-13].

When dealing with the history-dependent plastic behavior of materials, deep learning methods driven by historical data
have also made a series of progress [14-17]. The core of this type of methods is to use a NN architecture that processes
time series data, such as a recurrent neural network (RNN), to consider the influence of cumulative plastic strain. Its
advantage is that it can learn directly from data. However, current research still faces key challenges: on the one hand,
the strong noise and small sample characteristics of geotechnical data limit the generalization ability of the model; on the
other hand, how to systematically embed mechanical prior knowledge (such as energy conservation and yield conditions)
into the network architecture to ensure that the prediction results have both data-driven flexibility and physical consis-
tency is still an unresolved problem. To address this problem, a method of predicting the plastic behavior of materials by
training multiple interpretable component functions [18-20] has been proposed. This method improves the generaliza-
tion ability and physical consistency of the model. However, in the above methods, the surrogate model can usually and
only be applied at the material scale. It is difficult to use it alone in practical problems of geotechnical engineering and
rock mechanics that need to consider changing boundary conditions. It needs to be combined with traditional numerical
methods [16], which inevitably leads to programming complexity and reduces computational efficiency.

On the other hand, one prominent approach, known as physics-informed neural networks [21-23] (PINNs) based on
automatic partial differentiation [24], has emerged to learn the solution of partial differential equations (PDEs) by unsu-
pervised (or semi-supervised) training of a NN. PINNs aim to solve forward and inverse problems of PDEs by minimizing
a loss function that integrates fundamental laws of physics. As a complete surrogate model, PINNs have been success-
fully applied in solid mechanics [25-28]. Furthermore, by introducing fracture energy in phase field approach [29-31]
or peridynamic (PD) approach [32], PINNs were successfully applied in some crack problems [31, 33, 34]. PINN’s latest
research makes progress in solving dynamic Poisson-Nernst-Planck (PNP) equations [35], Hausdorff derivative elliptic
problems [36], and fundamental solutions [37]. Compared with data-driven methods, the PINNs-based method can serve
as a surrogate model to solve mechanical problems and has better interpretability. However, as a network approximate
solution, the PINNs method requires achieving an approximate solution to the problem through the network training
process. This can lead to high computational costs, particularly in scenarios involving crack propagation [32] and plas-
tic behavior [38]. Therefore, the recent studies are to employ the physics-data combined machine learning methods to
enhance the generalization using small training data [39, 40].

In fact, the surrogate model based on graph neural network (GNN) [41-43] has shown its potential in dealing with a
complete computational domain problem with varying boundary conditions [44-46]. This type of methods takes advan-
tage of the structured expression of graph G(V, E) and combines it with the ability of NN to learn data. The graph node
V represents the state information of nodes (implicit) and material points (explicit) in the physical system, and the edge
E represents the connection and interaction between them. Through learning data, the evolution prediction of the phys-
ical field can be successfully realized. This is especially true in dynamic problems [47], such as mesh contact [48], fluid
dynamics [49], and particle flow [50]. Due to the excellent performance of GNN, GNN-based models have made a series
of progress in the field of solid mechanics, such as using graphs to represent the spatial relationship of grains in poly-
crystalline materials [51], using multiple graphs [52] to reconstruct models of different fidelity in finite element proxy
models and elastic-plastic behavior of composite materials [53]. GNN-based models also show high prediction accuracy
and significant computational gains [54] when performing alternative modeling or simulation of complex systems. Recent
research results have also reported progress in the prediction of crack propagation [55] and plastic behavior [56] of geoma-
terials using GNN-based surrogate models as alternative modeling schemes. However, the failure of geomaterials usually
involves complex plastic-fracture coupling behaviors, there is still a lack of corresponding research.

Based on previous research [44, 55, 56], this paper combines GNN to propose a surrogate model for plastic fracture
problems, focusing on the intersection of plastic fracture mechanics and deep learning, aiming to explore a new mod-
eling paradigm driven by data-physics fusion to improve the prediction accuracy and computational efficiency of the
mechanical behavior of complex rock and soil media. This key contribution in this paper includes: (1) a GNN-based sur-
rogate model for plasticity-fracture problems with varying boundary conditions, (2) integration of physical constraints to
enhance generalization, and (3) a unified data-physics paradigm for geomechanical simulations. The proposed approach
demonstrates potential for real-time analysis in deep underground engineering and hazard warning.
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The remainder of this paper is organized as follows: Section 2 briefly reviews the formulation of the improved ordinary
state PD (OSB-PD) model. Section 3 proposes a novel surrogate model for the plasticity-fracture surrogate model, which
is based on a GNN and integrates interpretable components. Section 4 discusses the details of network model training
and testing. Section 5 takes three numerical examples. Finally, Section 6 draws the conclusions.

2 | OSB-PD Plasticity Model Considering Bond Shear Deformation

In this section, we first briefly introduce the OSB-PD model [31] that considers bond shear deformation as the learning
object and comparison benchmark, namely, the OSB-PD model.

2.1 | OSB-PD Model Introduction

In OSB-PD, the concept of state is introduced to describe the motion compatibility and momentum balance between
material points in H(x), as shown in Figure 1.

As shown in Figure 1, a PD material point x interacts with a material point x" in its horizon with a radius of §, and
& = x’ — x is the initial bond vector. The PD material points interact with each other through the bond force density,
which includes material parameters. In order to describe the position of the material point in H(x), which represents the
neighborhood of x, the bond vector state in the reference configuration can be expressed as:

x()=&=x"-x €y

where £ is the relative position vector between material points x and x’ in the reference configuration, and the corre-
sponding bond scalar state is:

x(&) = [|x" — x| = Il @)

Similarly, the deformation vector state field is defined to describe the position of a material point y(x, #) in the deformed
configuration:

Y& =y -y x.n=£E+n 3

wheren =u (x’ , t) — u (x, 1) represents the relative displacement vector between material points y and y’ in the deformed
configuration, and the associated deformation scalar state is defined as:

7&) = &+l @)

Deformed state

Undeformed state

FIGURE1 | Deformation of PD material points x and x’ in the framework of the state-based peridynamics.
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The extension scalar state of a bond & between two interacting material points x and x’ in the deformed configuration is
described by:

e(&) = y(&) —x(&) = lIE +nll - l|€]l (5)

According to the definition by Silling et al. [57], the scalar-valued expansion function ©(e) is directly equal to the volume
change of the neighboring material points in the neighborhood H (x) of x. In the 3D case, we have:

o) =2 / o(IEDIIEN - e&)dV,y = (@) o e (6)
m JHx)

In the 2D case, we have

o) = 2 / o(IEDIEN - e(&)dV, = Z(@x) o e (6b)
m J )

where ||€]| represents the influence function state that weights the contribution of each bond & in H(x), and m is a
scalar-valued weighted volume factor, which is defined as:

m = / o(IEDIEIRAV, = (@) o x (7
H(x)

To address the tensile-shear and compressive-shear crack propagation of geomaterials under compressive loads with
plasticity, this paper employs an improved OSB-PD model to account for bond shear deformation [58]. In the previous
state-based PDs, the volume dilatation function can be estimated by the total extension scalar state [57] and the dis-
placement state u(x, 1){¢) [59]. These approximations may encompass both the dilatation part and distortion part of the
displacement components. In this study, it is assumed that the extension scalar state of a bond can be approximately par-
titioned into two parts: a pure dilatation part (along the & direction) and a pure distortion part (perpendicular to the &
direction), as illustrated in Figure 2.

The new volume dilatation scalar-valued functions in 3D and 2D cases take the following form, respectively:

ofe,) =2 /H _odEDIEl ¢, (E)av. 2@, (8a)

2 2
Ofe,) = —/ o([IEIDIEN - ¢, (&)dVy = —(wx) e ¢, (8b)
m H(x) m
where e (&, n) is the normal extended scalar state, which is geometrically approximated by:

e,(&m) = 1§ + nllcos6 — | €]l )

For OSB-PD, the integro-differential equation of motion for a material point x is:

p(x)ii(x, 1) = / [T, 0)(x" —x) =T (x',1){x—x")] dV,, + b(x,1) (10)
H(x)

FIGURE2 | Kinematic decomposition of volumetric and deviatoric deformation between two interacting material points.
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where p is the material density, x is the position vector in the reference configuration, f represents time, T(x’' — x) is the
force state acting on the relative position vector, x’ — x, b is the external force density, u is the displacement vector, ii is
the acceleration, and H (x) represents the neighborhood of x.

The macroscopic elastic strain energy density y[©(e, ). ¢?] of the OSB-PD elastic solid can be rewritten as:

/

w[ole,). ] =S (e im) + 5 (we) o ef

—h

_ ’f_’ A“_l d\2
- 2 @2(En<§’ ’1>) + 2 /H(x)g(g ) de’ (11)

in which x’ and y’ are two PD parameters derived based on energy conservation, whose values are taken according to the
literature [58]; e is the rotation part of the bond deformation.

Since the volume dilatation scale function in Equations (8a) and (8b) has a new definition, the new distortion part of the
extension scalar state is expressed as:

o, o)
- - 3

x (12)

The elastic force density is defined as the Fréchet derivative of the PD density energy with respect to the relative displace-
ment vector, which can be written as:

3w(IEIDISI
7=V, = w0 XBEDIEL | riges (13)
2.2 | Drucker-Prager Plasticity
1. Yield function
In Equation (12), the contribution of the deformation of a single bond to volume dilatation is defined as e’ = %5.

3
Meanwhile, the energy density in Equation (11) can be decomposed into the following two distinct components: volume

dilatation deformation and distortion deformation.

i K 92
=—0 14
V= (14)
u
y/d = ?(%d) ogd (15)
The Drucker-Prager yield criterion can be written as:
fy(o-’ $) =/ Jy +appl; — kpp(£) (16)

In the modified OSB-PD model, I; and J, in PD form can be expressed by y' and y, respectively [60]:

I, = tr(c) = sign(O) il]/i (17a)
1-2v
1 E

The mean pressure p and the deviatoric stress (von Mises) g can be defined as:

1 1
p= gtr(c) = 511 (18a)
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3

g= 5(«5’1}&} =14/3J, (18b)

Combining Equations (17a), (17b), (18a), and (18a), we have:
= —szgn(@) 6—Ezq/’ (19a)
g=1/=E (19b)

1+0o

2. Flow criteria
The direction of the plastic strain increment de? can be defined based on the nonassociative plastic flow law, which

is given by:
S
de? = 128 _ d/l(a’DP + —’> (20)
or;

i 24/7,

where d €/(i = 1,2, 3) is the principal plastic logarithmic strain increment, d4 > 0 is the plasticity multiplier, g =
\/72 + a1, is the plastic potential, and 7,(i = 1, 2, 3) is the principal Kirchhoff stress.

Considering plastic deformation, the PD deformation e can be divided into the plastic part and the elastic part, which
can be written as:

e=¢+e (21)

where e and e are the elastic and plastic parts of the key deformation, respectively, which can be written as e® =
e”" + ede el = elp + edp
The PD flow rule can be described by incremental plastic stretching de and de® in the following form:

deP = x'e' (22a)

d gdp = x4t (22b)

where x' and x? are undetermined parameters.
In classical continuum mechanics and PD, the expressions for incremental plastic volume dilatation strain are cal-

culated as:
S1+8,+8
do(de’) = di( 3a), + ———— | = 3a},,dA (232)
24/7,
d@”(dgip) = aw e de? = x'©* (23b)

where ©° = aw e ¢, a = = (the 3D case), and x' 3 @ v 9% .an be solved by Equations (23a) and (23b).
Similarly, the increment J2 of plastic deformatlon contribution is expressed as:

E
P\ _ —
dJ,(del) = Syd Sy = I—_H)\/sz/l (24a)
dJ,(ds*) = e o e = 2x7J, (24b)
d _ E . . .
where x? = 2070 \/J_zdﬂ is obtained from Equations (24a) and (24b).
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2.3 | Failure Criteria

In this work, the stored elastic strain energy density scalar state w(&) is decomposed into isotropic and distortion parts,
namely, w/(£) and w(£).

w(&) = w'(&€) + w(&) (252)
w'(§) = %z’(é’) re,(&m) (25b)
wi(€) = 31°(8) o 't8.m) (250)

According to the energy conservation law, the critical fracture energy release rate due to volume dilatation can be
obtained as:

; % for 3D case
wele) = i for 2D ca =
47hs3 0 case

where & denotes the thickness, and G}, represents the critical mode I fracture energy release rate of solid materials.

According to the previous literature [61], the critical energy release rate due to pure shear deformation can be expressed as:

J 24”—?4”“ for 3D case
wiy =1 (27)
—e for 2D case
87ho3

where Gy, denotes the critical mode-II fracture energy release rate of solid materials.

The Benzeggagh-Kenane semi-empirical failure criterion [62] offers a unified framework to describe pure tension fracture,
pure shear fracture, and mixed tension-shear fracture modes in brittle and quasi-brittle solids, which can be formulated as:

G p
G, =G+ (Gyp — Gy) <—Gu _:IG ) (28)
I

where G, is the critical mixed fracture energy release rate, G, and Gy; are the type I and type II fracture energy release
rates, and f is the empirical material parameter.

Referring to the application of the Benzeggagh-Kenane semi-empirical failure criterion reported in references
[58, 61, 63], and considering that geomaterials exhibit higher shear strength under compression, the critical shear failure
(mode II failure) is excluded from the mixed failure criterion. Specifically, only mode I and mode I/II mixed failure modes
are considered. The failure criterion employed in this paper can be expressed as:

d ﬂ
w; = min wi,wi+(wf—wi)<$%) (29)

In brittle solids, when the new bond-level energy failure criterion in Equation (29) is reached, the bond & is completely
broken, and the scalar function of the bond state can be written as.

g(&.1) = {(1) wig) < wy (30)

w(é) > w,

To characterize the strain-softening behavior of quasi-brittle solids, we employ the generalized scaling function g(&, 1) to
depict the damage-softening behavior of a single bond in the postfailure state, as illustrated in Figure 3. Based on previous

International Journal for Numerical Methods in Engineering, 2026 7 of 34

Downloaded for personal academic use. https://kxdigital.pages.dev/


https://ballisticcomainvitation.com/t2e548yr3v?key=403e8f291d0b160c8210d10a973a50a9

Input layer
MPNN; Pe 77 Y MPNN, oS oY oY
[s] [s€] L\
t+1
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MPNNy psit L b MPNN, < P57
#32
Output layer U T =0/ 0s
[E". V]
FIGURE 3 | Schematic diagram of the plastic fracture surrogate model. The four MPNN modules correspond to four distinct com-

putational stages as defined by the procedure code: MPNN1 is designated for calculating deformation, MPNN?2 for determining the
plastic state, MPNN3 for evaluating unbalanced forces, and MPNN4 for updating the positional state.

studies [64], this paper employs the simplest linear softening law to describe the strain-softening behavior of quasi-brittle
solid materials.

1
w(&) < Wiy
g(&.1) = 1 — LSt Wip; < W(E) < wy (1)
. W =Wy, £<§> > wf

where w,,; is the initial value of the bond-level energy density at which bond damage begins, w , represents the final value
of the bond-level energy density and can be determined by Equation (29), where w(§) > w, means that the interaction
through this bond disappears.

According to the original nonlocal idea, the damage variable at any material point x is

/H(x) g<§’ t>de/

d(x,t)y=1-—
/H(x) av,

(32)

3 | Plastic Fracture Surrogate Model

In this paper, to address the issue of plastic fracture, we incorporate a fracture module based on the plastic model. Figure 3
shows a simplified schematic diagram of the proposed method. As depicted in Figure 3, the plastic fracture surrogate
model comprises four Message Passing Neural Network (MPNN) modules (represented as blue modules). These mod-
ules respectively correspond to the deformation, plasticity, fracture, and control equations within the physical model.
The red arrows signify the internal processing flow of the proposed model. During a complete time-step, the surrogate
model updates the deformation state, plasticity state, damage state and displacement state. The green box indicates the
key variable that the corresponding MPNN module is expected to acquire. It is important to note that this variable is
not the specific output of the MPNN. The output of each MPNN is the updated graph G’ = (V’ ,E' ) [44]. The variable
information is encapsulated within the updated graph node matrix (related to plasticity and displacement) or the updated
graph edge matrix (associated with deformation and damage). The specific configurations of each MPNN will be detailed
subsequently. Once all calculations are finalized at a time step ¢, the model is invoked once. Prior to performing calcu-
lations at the 7 + 1 time step (when the model is invoked again), the constraints of the boundary conditions should be
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FIGURE4 | Specific network settings of submodule MPNNT1.

considered. Likewise, the information regarding the boundary conditions is implemented by updating or maintaining
the corresponding quantities in the node matrix or edge matrix.

Figure 4 shows the first submodule (MPNN, ) in the plastic fracture surrogate model, which is designed to handle the
corresponding deformation calculation part in the proposed physical model. As shown in Figure 4, MPNN; consists of
three functions, namely ¢, p;7"", and ¢]. Among them, ¢{ generates new edge distance information based on the input
graph node and edge information, p{;"* aggregates the updated distance information to the node, and then generates the

deformation of all nodes and the deformation information in the edge through ¢;.

MPNN; calculates the bond deformation implied by the displacement field in the input node matrix V and the material
point volume deformation s[, ¢', e?] according to the process shown in Equations (33a), (33b), (33c). The obtained bond
deformation is stored in E after the current step update, and the volume deformation is stored in V" after the update.

E{,’ « ¢i(E9V)9 (338')
€, < 057 (E E) (33b)
s < ¢t(e),) (33¢)

Figure 5 shows the second submodule (MPNN,) in the plastic fracture surrogate model, which is designed to handle the
corresponding plastic part in the physical model. As shown in Figure 5, MPNN, consists of three functions, namely ¢¢,
p5; " and ¢. Among them, ¢ generates new edge energy information based on the deformation information updated in
the previous step, p3"" aggregates the updated energy information to the node, then ¢} is used to judge the plastic state
of all nodes, to determine the plastic increment, and to update the elastic deformation information. MPNN, calculates
the elastic energy at the material point and the corresponding first and second stress invariants according to the process

shown in Equations (17a) and (17b), and determines the yield function value in combination with the internal plastic

state.
F < ¢5(s, E) (34a)
W' !« pS U (F, E) (34b)
[y =d5p.4.0) (34¢)

If the yield function f , > 0, the plasticity multiplier d/ is determined by the Newton iteration method with automatic
differentiation, and the plastic state is updated as:

v

Iy

di=di- —2—
df,/9da

(35a)
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FIGURE 5 | Specific network settings of submodule MPNN2.
b3 _ ¥ A Y] T
jdn =7,(v.d.¢'1W.b) (35b)

Among them, p'(d4), ¢'(dA), ¢'(dA) are calculated according to Algorithm 1, and W and b represent the fixed weight
parameters of the trained network £ e

Figure 6 shows the third submodule (MPNN,) in the plastic fracture surrogate model, which is designed to handle the
corresponding damage part in the physical model. As shown in Figure 6, MPNN; consists of two edge update functions

5 1 @5 , and an edge-to-node aggregation function p3’. Among them, the first edge update function ¢ | generates
new edge energy information X; based on the elastic deformation information updated in the previous step, and the
corresponding second edge update function ¢ , generates edge damage information X, based on the elastic deformation
updated in the previous step. p5~" aggregates the edge energy information after damage to the node and the bond force
related information on the edge is obtained. It is worth noting that there is no node update function in this submodule.
Considering the trainability and prediction accuracy of the proposed model, the relationship between bond force and
energy is explicitly defined as the partial derivative of energy with respect to deformation, and is realized by the automatic

differential counting of the surrogate network model corresponding to the function.

MPNN, calculates the elastic deformation s¢[©°, ¢, e%°] after updating the plastic state according to the process shown in
Equations (36a), (36b), and (36¢), it determines the damage state in combination with the key damage judgment network
function, and it calculates the key force state and point damage value d. In aggregate function p5", the subscript i indicates
that the direction of information propagation in MPNN; is j — i.

Xl - ¢§71(se7 E) (363)
X, < ¢5 ,(s°, E) (36b)
VT, < 05 (B E) (360)

Figure 7 shows the fourth submodule (MPNN,) in the plastic fracture surrogate model, which is designed to handle the
corresponding control equation part in the physical model. As shown in Figure 7, MPNN, consists of an edge-to-node
aggregation function pi " and a node update function ¢;. Among them, p;** is a supplement to the aggregation function
p5; " in MPNN;. Since the information transmission direction corresponding to the edge aggregation function in the same
MPNN is fixed (i < j or j « i), in the OSB-PD model the force state of a point is not only related to the effect of j on i,

but also to the effect of i on j, as shown in Equation (10). Therefore, it is necessary to superimpose the effect of i on j
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FIGURE 7 Specific network settings of submodule MPNN4.
p &

through p37"*, and finally the update of the state information of the force on the node is formed. On this basis, ¢; updates

the displacement information through the position information and the state of the force on the node.

MPNN, calculates and updates the material point force and displacement according to the process shown in
Equations (37a) and (37b). The subscript j in p¢~? indicates that the direction of information propagation in MPNN,

4j
isi — j.
T; < 5" (T, E) (37a)
(E'\V') < ¢4(T, - T, E)V) (37b)

All functions in the above modules, except for the aggregation function, need to be implemented through MLP. Con-
sidering the model training cost and the prediction accuracy of the network, in the simplified version, only the update
functions in MPNN, and MPNN, can be implemented through the network. The specific network width, depth, activation
function, and other hyperparameters are given in the subsequent model training and verification.
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4 | Model Training and Testing
41 | Sobolev Training of Elastic Energy Functional

In this section, we first introduce the training methods of elastic energy function and yield function, and perform prepro-
cessing of labeled data and verification testing of trained functions.

In order to ensure the accuracy and smoothness of the stress and tangent operators obtained from the learned energy
function, the Sobolev training framework [65] is extended to high-order derivative constraints. For the training sample
i €[1,2,---,N], the H, training objective of the energy function in Equation (11) is now the Loss function and can be

written as:
2
)) )
2

where y;, represents the i-th data in the sampling space, including two components ' and y; the corresponding s,
also contains two components, volume deformation © and bond rotation deformation e?; y; corresponds to the energy
of the network output, which is described by the ¢ function in MPNN,, consisting of two independent MLPs, each of
which contains an input layer with a shape of 1 x 20, followed by five hidden layers with a shape of 20 x 20, each hidden
layer is followed by a T'anh() activation layer, and the final output layer is 20 x 1; N is 10,000; input y;, ¥,, and y; are
weight coefficients of different order constraint loss terms, which can be adjusted according to the training accuracy and
prediction effect parameters.

N

. 1 112
W' b = ar%ng(yZ(h”% - V’i”Z T

i=1

2

+73
2

azl//i _ 0? |78

0s;0s;  0s;0s;

oy; 0V,

0s; 0s;

If there is no other provision, this paper takes y; = y, = y; = 1 as the value. The initial learning rate of training is 0.0001,
and the learning rate decays once every 200 epochs, with a decay coefficient of 0.1.

Figure 8 shows the network energy function training loss curve. It is found from Figure 8 that after 10,000 epoch training
cycles, the loss terms of different orders tend to converge. The higher the order of the loss term, the higher the value after
convergence during the training process. This is because its loss is greater than its label value; the energy is the quadratic
deformation, the force is the first power of the deformation, and the normalized deformation value range is [—1,1].

Figure 9 shows the prediction results of the trained energy function on the test set. Figure 9a shows the elastic potential
energy contributed by the volume dilatation part of OSB-PD, and Figure 9b shows the elastic potential energy contributed
by the bond rotation deformation part. The energy is the direct output of the network, the force is the first-order derivative
of the network output to the input, and the modulus is the second-order derivative of the network output to the input,

@' loss w9 loss

10_2 1) — Ly loss 10_2 | — Ly loss
—— Hi loss —— Hi loss

—— H> loss —— H> loss

0 5000 10000 0 5000 10000
Epoch Epoch
FIGURE 8 | Energyfunction trainingloss curve. The symbol L, denotes the loss curve derived from the conventional mean squared

error, H; represents the loss curve incorporating a regularization term based on first-order partial derivatives, and H, corresponds to
the loss curve that integrates both first-order and second-order loss terms.
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which is realized by the network automatic differentiation technology [24]. Figure 9 shows that the network energy func-
tion has achieved high prediction accuracy on the test set, which is mainly due to the use of independent MLP training
for the energy function components and the introduction of high-order loss terms in the loss function.

4.2 | Plastic Yield Function Training

In this section, we will continue to apply the concept of level set in Section 4.4 to generate a training data set for the yield
function, except that the sampling and training are performed in the stress invariant space. The yield function is then
assumed to be a signed distance function, which is defined as:

d(x) outside f),
D(x,0) =<0 on f, (39)
—d(x) inside f,

where d(x) is the minimum Euclidean distance between any point x in stress space and the surface f, =
{x € R3| f(x) = 0}, which is defined as:

d(x) =min(|x - x,|) (40)

le—-1
7.51 .
e K
5.0 1 — K
-\ 2.51
0.0
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—2.51
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ed
FIGUREY9 | Network energy function test after training. The blue solid line represents the true value, and the red dots indicate

the predictions by the surrogate model. (a) From left to right, plots present the comparative test results of model predictions against
reference data for: The value of ', the first derivative of ', and (c) the second derivative of y'. (b) From left to right, plots present the
comparative test results of model predictions against reference data for: The value of W, the first derivative of ¢, and (c) the second
derivative of .
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FIGURE 10 | Schematic diagram of yield function training data set generation. (a) The original yield surface is indicated by the
red dashed line, with interpolation sampling points denoted by blue dots; (b) The complete sampling space used for training the yield
function.

ALGORITHM1 | Constructing the Yield Function Level Set (Data Enhancement).

Initialize an empty set of augmented training samples (p,,, g,,) for m in [0,..., N X L].
m=1
foriin [0,..., N] do

for j in [0,..., L] do

q, = jzgqi, the radius range of the signed distance function is [0, ¢¢;]

pm = pi’ Cm = Ci

[ =%4; = q;, The signed distance function value range is [-4 (c—1q]
m=m+1

where x|, is the yield stress for a given value of the accumulated plastic strain ¢ at time 7, and the plastic internal variable
¢ increases monotonically, indicating the history-dependent behavior of the material.

As shown in Figure 10, in the stress invariant space, for any stress state point (p;, ¢;) on the yield surface, f, ( Di» ql.) =
g(pi»4;) — kpp(¢) = 0 is always satisfied. In Figure 10, the signed distance function of the yield surface can be obtained
by solving the reinitialization problem of the level set to obtain the inferred yield surface (red point) and auxiliary data
points (blue point). Figure 10a shows the data interpolation enhancement diagram of the yield stress state point (p;, g;)
when ¢ = 0. The red dashed line represents the yield surface implied by the data, and the blue point represents the stress
state point obtained by interpolation of (p;, ¢;). The yield function value of this point will be recorded in the subset @(x, 0)
of the level set in the form of Equation (40). Figure 10b shows this subset, where the dashed line represents the stress
range of the sampling space.

In this paper, the level set can be obtained through data collection and interpolation generation of numerical experiments.
For a training data set of N initial samples, the stress measurements ( Di» qi) at yield and the accumulated plastic strain ¢
are first converted into signed distance functions, and then the level set of the signed distance function is generated by
interpolation (see Algorithm 1).

For a simple MLP feedforward network, the network can be viewed as an approximation of the true yield function
level set f) as ny = fy (p,q,¢|W, b), with inputs p, g and hardening parameter ¢, parameterized by weights W and bias
b. The classical training objective following the L2 norm will only constrain the predicted yield function value. The cor-
responding training objective is to minimize the difference measured at N sample points, as shown in Equation (41):

D) @

The second training objective can be modeled in terms of the H1 norm, constraining f and its first-order derivatives with
respect to the stress states p and q. For a NN approximator parameterized as fy = fy (p,q,¢|W, b) using stress invariant

N
W' b = ar%yrgin(%é(h“fyi - .fyl'
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as input, the training objective for training samples i € [1, - - -, N] takes the following form:

v 2
of,; 0 f.;
+ 76 R (42)
0g; dg;

.2
afyi 0 fyi
op; ap;

N
! . 1 7 2
W' = argmin N; 7’4nyi i ||2+y5 2

where f yi corresponds to the energy of the network output, which is described by the ¢J function in MPNN,, which
consists of independent MLP containing an input layer of shape 3 x 30, followed by five hidden layers of shape 30 x 30,
each hidden layer is followed by a T'anh() activation layer, and the final output layer is 30 x 1; the total number of sam-
plesis N = n; X n; X L, where n; = n, = 100 represents the 100 x 100 orthogonality of the two components in the stress
invariant space, and L = 100 represents 100 interpolation enhancements for each stress data point on the yield surface;
Y4» Vs» Ve are weight coefficients of the different loss terms, which can be tuned according to the training accuracy and
prediction effect parameters; y, = 10, y5 = y, = 1 are taken; the initial learning rate of training is 0.0002; the learning rate
decays every 200 epochs with a decay coefficient of 0.1.

Figure 11 is the training loss curve of the network yield function, where Figure 11a,b represent the training results from
Equation (41), and Figure 11c,d represent the training results from Equation (42). The left side shows the training using

floss floss
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FIGURE 11 | Loss curve of yield function training under different parameters. (a) The training loss curve for the common mean

squared error loss function without data processing (b) The training loss curve for the common mean squared error loss function with
data normalization processing. (c) Training loss curve without data processing for loss function with added first-order partial derivative
term. (d) Training loss curve with data normalization processing for loss function with added first-order partial derivative term.
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FIGURE 12 | Prediction effect of the trained network yield function on the test set. The blue solid line represents the true value,

and the yellow dashed line represents the predicted value from the surrogate model. From left to right, they correspond to the predicted
results of the yield function, equivalent plastic strain, and effective stress, respectively.

the original sampled data, and the right side shows the training structure after appropriate data preprocessing (normal-
ization). As can be seen in Figure 11, data preprocessing can make the training process more efficient and convergent.
At the same time, although the constraints of high-order loss will make the training process more difficult, the network
approximate function is more robust and interpretable.

Figure 12 shows the prediction effect of the network yield function after training on an independent test set with a sam-
pling number of 600. The test set is a uniaxial stress path of compression—unloading— compression. It is found from
Figure 12 that the prediction accuracy of the network yield function is excellent.

4.3 | Training of Mixed Failure Function

For the third submodule (MPNN3), ¢ | is the elastic energy function, and the weight parameters in ¢ can be directly

used to simplify model training and to accelerate the prediction process. The function ¢ , that handles damage judgment
can be divided into the following two cases according to the different damage criteria in the physical model (Section 2.3).

For the brittle failure described by Equation (30), since the bond state of bond breakage is discontinuous, such as 0 or
1, it is a binary classification problem for NN judgment, and no high-order constraints are required. The training of ¢ ,
aims to minimize the binary cross entropy. The softmax layer converts the value of X, corresponding to each edge into
the fracture probability P,. For the training sample i = 1 : N, the train process can be written as follows:

W'y = argmin(%i(yi -log(P;) + (1—y;) - log(1 - pi)))

W.b i=1

(43)

where y, is the true value of edge ¢;, y; = 1 means the edge is broken, and y, = 0 means the edge is intact.

In this paper, ¢ , has a similar architecture to ¢ |, except that the activation function of the last layer uses a different
sigmoid function as the activation layer. The specific network setting consists of two independent MLPs, each of which
contains an input layer with a shape of 1 x 20, followed by five hidden layers with a shape of 20 x 20, each hidden layer is
followed by a T'anh() activation layer, and the final output layer is 20 x 1. In addition, we use the Adam optimizer [66] to
fine-tune the training process, with the learning rate initialized to 0.001 and reduced by 0.1 times every 100 epochs until
the end of training.

For the softening damage model described by Equation (31), since the damage state of the bond is continuous from 0 to
1, it is a function approximation problem for the NN. At this time, the training of ¢ , aims to minimize the mean square
error, and can be trained according to the following loss function:

N
. 1 2
W' b’ = argmin —E ( =& ) 44
%’,b <Nj=] “g g “2 > ( )

in which, g, is the damage state label value, and g, is the network prediction value.

16 of 34 International Journal for Numerical Methods in Engineering, 2026

Downloaded for personal academic use. https://kxdigital.pages.dev/


https://ballisticcomainvitation.com/t2e548yr3v?key=403e8f291d0b160c8210d10a973a50a9

1.0
10-1 4 — Ly loss
0.8
10—2 4
0.6 A
9 1077 4 o
S
0.4
1074 3
] 0.2 -
1075 3 | '
0.0 1
0 1000 2000 3000 4000 5000 0 5 4 6 8 10 12
Epoch W
(a) (b)
FIGURE 13 | Single factor failure function training and testing. (a) Loss curve. In (b), the blue solid line represents the true value,

and the red dots represent the prediction results of the surrogate model.

In this paper, ¢ , consists of an independent MLP, specifically set to a 2 x40 input layer, followed by 6 40 x 40 hidden
layers, where each of the first three hidden layers is followed by a T anh() activation layer, and each of the last three hidden
layers is followed by a Relu() activation layer, and finally an output layer of shape 40 x 1 without an activation layer. The
learning rate is initialized to 0.001, and the learning rate is reduced by 0.1 every 100 epochs until the end of training.

Similarly, an independent dataset of size 40000 is used to train the damage function, which will be used in Case 1. Figure 13
shows the training loss curve and test results of the damage function of a single indicator, and the test data set is generated
by independent random sampling in the strain space range, with the number of samples being N, = 100. Figure 13a shows
the damage function training loss curve, and Figure 13b plots the test result of the trained network on a randomly sampled
data set. As shown in Figure 13b, the trained failure function makes accurate predictions on the test set, where the red
dots represent prediction results by the proposed model and the blue lines represent true values.

For mixed fracture, an independent dataset of size 1000 x 1000 is used to train the damage function, which will be used
in Cases 2 and 3. The training loss and test set validation results are shown in Figure 14. The test set is independently
randomly sampled in the bond energy space, with the number of samples N, = 10000.

As shown in Figure 14a, due to the increase in the complexity of the mixed cracking judgment function, its training
loss decreases slowly and the minimum loss value is also large. However, after training, the network shows accurate
predictions on the test data set, as shown in Figure 14b. Finally, Figure 14c shows the absolute error between the predicted
value and the label value on the test set, and its absolute error is basically less than 0.02, indicating that the training NN
failure function has good prediction accuracy. As a supplement, we add a failure function case using a small sample
(100 x 100) of data with noise (0, 0.001) for training, and the number of test set samples N, = 1000. The training, test and
error results are plotted in Figure 14d-f. Compared with the case of using a large sample of nonnoisy data to train the
failure function, except that the loss curve has significantly larger fluctuations, there is no significant difference in the
test and prediction errors.

44 | Benchmark

A benchmark case is first performed to illustrate the convergence and prediction accuracy of the proposed method before
the subsequent application examples. As illustrated in Figure 15, an isotropic square plate with a circular hole in plane
stress condition is subjected to uniaxial tension along the horizontal edges [67], in which the red five-pointed star is the
displacement history observation point, and the red dotted line is the displacement observation line. The dimension of
the square plate is length L =1 m and width W =1m. A circular hole with radius R=0.1 m is located at the center of the
plate. The material properties of the plate are listed as follows: Young’s modulus is E = 60 GPa, Poisson’s ratio is v =1/3,
and mass density is p = 7000 kg/m?. Besides, a tensile pressure p = 60 MPa is applied both on the top and bottom edges.
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FIGURE 14 | Failure function training and testing of mixed-mode fracture (The number 1 indicates the result of a large sample of

noise-free data, and the number 2 indicates the result of a small sample of noisy data). (a) Loss curve 1, (b) Test results 1, (c) Prediction
error 1, (d) Loss curve 2, (e) Test results 2, (f) Prediction error 2.
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FIGURE 15 | Isotropic plate with a circular hole subjected to tensile loads.
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FIGURE 17 | A L-shaped plate under bending. (a) Case 1 Geometric Conditions. (b) Case 1 Comparison of load-displacement
curves of two calculation methods.

The prediction effect of the model on the benchmark example is shown in Figure 16. It can be seen from Figure 16 that
although the model prediction results deviate from the PD calculation results in the first 200 steps, they quickly converge
to the PD calculation results in the subsequent time steps. Finally, the relative errors of the predicted displacement in the
x-direction and y-direction at the observation point are 1.2% and 0.5%, respectively; the L2 error norms of the predicted
displacement in the x-direction and y-direction on the observation line are 0.7% and 0.4%, respectively.

5 | Numerical Examples
5.1 | Case1l:L-Shaped Plate Subjected to Tension

In order to verify the ability of the proposed method to simulate plastic fracture problems, this section first simulates
and predicts Case 1, a L-shaped tension bending plate. Figure 17a shows the geometric characteristics of the L-shaped
plate [68], where the dimensions are in mm. The bottom is constrained by a fixed displacement of 0, and the right side is
loaded with concentrated displacement. The distance from the vertical end face is 30 mm. The vertical line load is applied
to the horizontal surface of the lower part of the horizontal leg; the direction of action is opposite to the gravity, and the
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TABLE1 | Case 1 material properties.

Young’s modulus Internal friction
E (GPa) Poisson’s ratio v G;.(N/m) Cohesion ¢(MPa) angle ¢ ()
20 0.27 130 20 35
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FIGURE18 | Comparison of the proposed method and PD calculation results. (First row; left to right) PD solutions: u,, u,, (Unit: M)
,0, (in GPa) and ¢,,; (second row) the proposed model: ii,, ii, &, and £ ,; (Third rows) absolute error between PD and model: |ux — 1, |,

Ju, = it,) Jo. = 5| and |e, - &,].

load is applied by displacement control. The material properties are referenced from previous studies [69], as shown in
Table 1.

The material has elastic—plastic deformation behavior, and the strain hardening rule is kp(,) = kpp(1 + 800¢,). The
simulation is carried out under the displacement control mode Au = v X d, X n, with v =1x 10""m/s and d, = 1s, the
material point spacing used for discretization in the PD model is d, = 0.005 m, the neighborhood radius is 6 = 3.015 x d,,
and a total of 7500 material points are used to discretize the computational domain. Figure 17b shows comparison of
load -displacement curves obtained by PD and the proposed method. It is found from Figure 17b that load -displacement
curve obtained by the proposed method is in good agreement with that obtained by OSB-PD, verifying the efficiency of
the proposed method.

Figure 18 shows the crack initiation stage (n, = 4000), and the network model prediction results are compared with the PD
numerical results. As can be seen in Figure 18, after 4000 steps of forward prediction, the surrogate model can maintain
high-precision predictions. The absolute error of the displacement field is about 1% of the true value. The maximum
absolute error of the displacement in the x-direction is concentrated at the right-angle turning point of the L-shaped plate,
while the maximum absolute error of the displacement in the y-direction is concentrated above the right loading end,
both of which are places where the displacement components change dramatically (larger gradients). Due to the slight
differences in the prediction of the network model at each step, the displacement transfer is not completely consistent
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FIGURE19 | Comparison of the final results predicted by the model and calculated by the PD code. (First row; left to right) PD
solutions: u,, u, (Unit: M) ,6, (Unit: GPa) and ¢,,; (second row) the proposed model: i,, i, &, and £,; (Third rows) absolute error
between PD and model: |u, — ii,|, )uy - ﬁyl, |o, — &,| and ‘gp - épl.

with the numerical solution. After considering plasticity, the absolute error of the effective stress predicted by the proposed
model is about 10% of the true value. This is mainly because the crack initiation occurs.

Figure 19 shows the comparison between the surrogate model prediction results and the PD calculation results at the end
ofloading (n, = 10000). As shown in Figure 19, considering plasticity and fracture, after 10,000 steps of forward prediction,
the surrogate model still maintains a high accuracy and successfully predicts the crack propagation path. The absolute
error of the displacement field is about 10% of the true value, and the maximum error occurs near the crack propagation
path. Due to the noncontinuity of the displacement on both sides of the crack, the difference in the crack path leads to a
large absolute error in the displacement of the material points near the path. The distribution law of the effective stress and
cumulative plastic strain predicted by the proposed model is basically consistent with the PD calculation results. Except
for the slight stress concentration at the loading point, the maximum cumulative plastic strain is mainly concentrated at
the crack tip and on both sides of the crack path.

Figure 20 shows the comparison of crack propagation paths at different time steps. As shown in Figure 20, the network
surrogate model successfully predicts the initiation of cracks. The paths are slightly different during crack propagation.
The main reason is that the displacement is slightly different during the transmission process, while the accumulated
plastic strain and damage judgment are irreversible effects. As shown in Figure 20, although the crack path angle predicted
by the surrogate model is smaller than the PD numerical calculation result at n, = 6000 steps, and it leads to continuous
differences in the crack path at the subsequent n, = 8000 steps, the crack path obtained by the proposed model is close to
the PD numerical result at n, = 10000 steps. Overall, the crack path of this example is successfully predicted.

To quantitatively evaluate the prediction accuracy of the surrogate model, Table 2 shows the L, error norms between the
predicted physical field quantities at two steps (n, = 4000 and n, = 10000) and the results calculated by the OSB—PD code.
Since the crack propagation path in this example is not stable, although the crack propagation directions predicted by the
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FIGURE 20 | Comparison of crack path prediction results at different time steps.
TABLE2 | L, error norms of surrogacy model prediction results at different time steps in case 1.
Time steps L,(u,) Ly(u,) L,(o,) Ly(g,)
4000 4.16% 1.6% 3.5% 7.1%
10,000 11.8% 5.3% 27.53% 68.2%

two methods are basically the same, there is a certain deviation. As a result, the plastic state quantity mainly distributed
along the crack propagation path has a large L, error norm.

5.2 | Case 2: The Plate Containing Multicracks Subjected to Compression

The proposed model is further demonstrated to be capable of simulating the propagation and penetration of complex
cracks under compression. Case 2 is a plate with multiple cracks [29] under uniaxial compression. The geometric con-
ditions are L=0.2m, H=0.2m, a=0.02m, b=0.05m, and ¢=0.07 m, as shown in Figure 21. The simulation is carried
out in a displacement control mode of Au = v X d, X n,, with each displacement increment v = 5x 107®m/s, d, = 1sand a
maximum value r, = 5000. The material point spacing used for discretization is d, =0.0013 m, the neighborhood radius is
6 = 3.015 x d,, and a total of 23,400 material points are used to discretize the computational domain. The corresponding
material property values are shown in Table 3. Figure 21b shows comparison of load-displacement curves obtained by
OSB-PD and the proposed method. It is found from Figure 21b that load-displacement curve obtained by the proposed
method is in good agreement with OSB-PD result, verifying the efficiency of the proposed method.

Figure 22 shows the comparison between the network model prediction results and the PD numerical results before crack
propagation (n, = 2000). As shown in Figure 22, after 2000 steps of forward prediction, the physical engine model can be
learned to maintain high-precision predictions. The absolute error of the displacement field in the y direction is about 1%
of the true value, and the maximum error is concentrated near the crack tip; while the maximum absolute error of the
displacement in the x direction is concentrated on the two side boundaries, and the absolute value is slightly larger. When
the crack propagates, the proposed model predicts the effective stress and cumulative plastic strain with good accuracy,
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FIGURE 21 | A plate containing multicracks subjected to compression. (a) Case 2 Geometric Conditions. (b) Case 2 Comparison
of load -displacement curves of two calculation methods.
TABLE 3 | Case 2 material properties.
Young’s modulus Internal friction
E (GPa) Poisson’s ratio v G.(N/m) G (N/m) Cohesion ¢(MPa) angle ¢ ()
20 0.27 50 150 10 30

successfully reproducing the distribution law of effective stress and plastic strain at the prefabricated crack tip, with an
absolute error between the PD results and predicted result being about 5%.

Figure 23 shows the displacement predicted by the model for the final case 2 (n, = 5000) and the final result of PD calcu-
lation. As shown in Figure 23, the displacement field predicted by the proposed model maintains a high accuracy, and the
maximum absolute error is one order of magnitude lower than the true value. The maximum error is concentrated near
the new crack on the right, which is mainly caused by the strong discontinuity at the crack propagation path. The effective
stress and accumulated plastic strain predicted by the network model are highly consistent with the results obtained by
PD, and the maximum absolute error is concentrated near the new crack, which is about 10% of the true value.

Figure 24 shows the comparison between the crack propagation path predicted by the proposed model and the PD calcu-
lation results at different time steps (n, = 3000, n, = 4000, n, = 5000) for Case 2. As can be seen in Figure 24, at different
time steps, the crack path predicted by the proposed model maintains a high consistency with the PD calculation results.
The crack propagates in two modes, namely, tensile and shear modes, from the prefabricated crack tip. The direction per-
pendicular to the prefabricated crack is controlled by wing crack, while the direction parallel to the prefabricated crack is
controlled by shear crack.

Table 4 shows the L, error norms of the surrogate model predictions and the OSB-PD code calculation results for Case 2
at two steps. As shown in Table 4, the proposed model’s prediction accuracy is good when the crack begins to propagate,
and the accuracy increases slightly as the crack propagates. Since the crack propagation path in this example is relatively
stable, the final error accumulation is not significant.

5.3 | Case 3: Analysis of Slope Instability

In order to illustrate the ability of the proposed method to deal with plastic crack propagation problems, this section relies
on an actual engineering slope to perform numerical calculations and predictive analysis of the proposed network model.
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FIGURE 23 | Comparison of the final results predicted by the model in Case 2 and the PD calculation results. (First row; left to
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FIGURE 24 | Comparison of crack propagation process.
TABLE4 | L, error norms of surrogacy model prediction results at different time steps in case 2.
Time steps L,(u,) L,(u,) L,(c,) L,(¢,)
2000 6.7% 1.1% 3.4% 5.7%
5000 10.9% 6.2% 10.5% 8.9%

Figure 25a shows the excavation profile design of a highway embankment, where the blue line represents the embank-
ment profile line after the designed excavation, and the red line represents the sliding surface after the original natural
slope begins to deform and become unstable after rainfall. The original slope profile is a three-step shape. To simplify the
problem, this example only considers the lower two slopes where serious instability occurs. The surface of the slope is
mainly composed of gravel blocks, silty clay and gravel, and the base layer at the bottom of the slope is mainly shale, car-
bonaceous shale and mudstone. Figure 25b shows the simplified slope geometry, where the green dashed line represents
the bottom boundary of the slope in numerical modeling, the light green dashed line represents the bottom boundary
of the surface-breaking accumulation layer, the blue line represents the excavation area, and the slope geometry param-
eters are shown in Figure 25b. To optimize the calculation efficiency, the area between the green dashed line and the
black dashed line is not considered in the modeling. Figure 25c is the numerical model after the computational domain
is discretized, in which s, represents the strength reduction factor of different materials.

2 sin(¢p) 6ccos(g)

V3(3+sin(g)) V33+sin(e))’
criterion Kpp({) = Kpp(1 + 800¢). Other PD numerical parameters are as follows: material point spacing d, = 0.5, neigh-

borhood range 6 = 3.015 X d,, and the total number of material points is 61,805. The calculation condition is divided into
two stages: in the first stage, the displacement and stress are calculated by applying the self-weight of soils; in the second
stage, the displacement and plastic state as well as slope instability and failure are calculated considering construction
excavation (n, = 1000), and the total calculation time step is n, = 1500. According to the geological survey results, the
material properties of the slope body are shown in Table 5.

Yield function parameter app = , initial value of hardening parameter K, = and hardening

Figure 26 shows the displacement record curve of the new slope top formed after the excavation of the natural slope, and
its location is marked by the red arrow in Figure 25b. As shown in Figure 26, the displacement of the observation point
increase significantly after n, > 1300, indicating that the slope becomes unstable. Compared with the numerical results
obtained by OSB-PD, the displacement of the observation point in the surrogate model increases more slowly.
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FIGURE 25 | Plot of engineering slope. (a) Geological conditions of slope engineering cases (b) Geometric dimensions of the
numerical model (c) Distribution of strength coefficient s,.
TABLES5 | Case 3 material properties.
Young’s modulus Internal friction
E (GPa) Poisson’sratiov G, (N/m) Gj;  (N/m) Cohesion ¢ (MPa) angle ¢ ()
0.015 0.28 7.2 16.8 0.013 14
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Figure 27 shows the comparison of the proposed model prediction displacement and PD calculation results after the
roadbed slope is excavated (n, = 1200). The first line is the displacement component contour u, and u, calculated by PD,
the second line is the prediction result of the proposed network model, and the third line is the absolute error between
the proposed model prediction result and the PD calculation result. It is found from Figure 27 that after 1200 steps of
forward prediction, the network model still maintains a high accuracy, and the proposed model prediction accuracy of
the main deformation area of the slope after excavation is good. The maximum error in the x direction is concentrated
at the excavation of the slope foot. The reason is that the displacement gradient of the PD calculation result at the newly
formed slope foot after excavation is more concentrated, while the proposed network model prediction result is more
continuous and smooth; the maximum error in the y direction has a certain error on the inner side of the newly excavated
slope in addition to the newly formed slope foot.

Figure 28 shows a comparison of the model-predicted effective stress, cumulative plastic strain and PD calculation results
after the excavation of the roadbed slope (n, = 1200). The first line is the PD result ¢, and ¢, the second line is the
proposed model prediction result, and the third line is the prediction error. As can be seen in Figure 28, the distribution
laws of the proposed model prediction effective stress field and the cumulative plastic strain are basically consistent. The
PD calculation result has a larger extreme value, while the proposed model prediction result is relatively more uniform
and smoother. The maximum error is concentrated in the lower half of the slope where the deformation is severe. The
maximum cumulative plastic strain error is basically below 10% except for the area with the most concentrated plastic
strain.

Figure 29 shows a comparison between the proposed model prediction results and PD calculation results after the
excavation of the roadbed slope. Figure 29a shows the displacement field result; the first line is the PD calculated dis-
placement component, and the second line is the proposed model prediction result. Similarly, Figure 29b shows the
effective stress and cumulative plastic strain results. As can be seen in Figure 30, when the final slope is unstable
and damaged, although the displacement value predicted by the proposed model is smaller than the PD calculation
result, the instability area of the slope is basically the same. The main reason for the difference is that the damage
extension area predicted by the proposed model is smaller than the PD calculation result, resulting in a large differ-
ence in displacement after instability and damage. From the plastic strain contour, it can be seen that the cumula-
tive plastic strain concentration zone predicted by the proposed model is basically consistent with the PD calculation
result.
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FIGURE 29 | Comparison between the final instability result of slope excavation predicted by the proposed model and the PD
calculation result. (a) Displacement (Unit:M), i represents the prediction result of the surrogate model, and u represents the calculation
result of the PD code (b) Equivalent stress (Unit:MPa) and accumulated plastic strain, &, and £, represent the prediction result of the
surrogate model, o, and €, represent the PD calculation result.
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TABLE 6 | L, error norms of surrogacy model prediction results at different time steps in case 3.
Time steps L,(u,) Ly(u,) L,(o,) L,(g,)
1200 6.9% 2.7% 5.5% 8.7%
1500 25.4% 34.9% 44.5% 50.4%

Figure 30 shows the comparison between the damage predicted by the proposed model and the PD calculation results
at different time steps after the excavation of the roadbed slope. As shown in Figure 30, after the roadbed excavation,
compression-shear cracks initiate in the lower part of the original natural slope. As time increases, shear-tensile cracks
initiate in the upper part of the slope, and the compression-shear cracks in the lower part of the slope propagate toward
the surface of the slope. In the subsequent process of slope instability development, the upper cracks coalesce with lower
cracks, causing the slope to completely lose stability and damage. The damage process predicted by the proposed model
is basically consistent with the PD calculation results.

Table 6 shows the L, error norms of the two-step alternative model predictions and the OSB-PD solution in case 3. It is
found from Table 6 that the proposed model’s prediction accuracy is good when the crack begins to propagate (n, = 1200).
However, the prediction error increases significantly when the slope completely fails (n, = 1500). This main reason is
that the slope failure yields the unbalanced sliding force and causes the slope instability, ultimately leading to the high
prediction error. However, the ultimate failure mode remains consistent.
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TABLE 7 | Comparison of computational efficiency.

Average computation time (s) Efficiency
Number of Calculating advantage
Cases material points time steps OSB-PD  The proposed model
Casel 7500 15,000 1768 184.6 9.6X
Case2 23,400 5000 1876 52.5 35.7X
Case3 61,805 1500 1488 33.3 44.7X

5.4 | Advantage of Computational Efficiency

To illustrate the efficiency advantage of the proposed method, the computational cost of the two schemes in the three
cases mentioned above is compared. For each case, the two schemes are calculated 10 times and the average value is
considered. Parameters that are strongly correlated with the computational cost, namely the number of material points
and the computational time step, are given. The specifications of the computing hardware are as follows: the central
processing unit (CPU) is an AMD 5950X, featuring 16 cores and 32 threads, and the graphics processing unit (GPU) is
an RTX 3080 model with 12GB of video memory. Table 7 shows the computational efficiency of the surrogate model is
10 to dozens of times faster than the benchmark OSB-PD code, and its efficiency advantage increases with increasing the
number of material points.

6 | Conclusions

In this paper, a novel GNN-based plastic fracture surrogate model is proposed to derive the OSB-PD Drucker-Prager
model by incorporating interpretable components into the training process. To ensure the accuracy of the model predic-
tion, we first perform Sobolev training on the energy function. Subsequently, the yield function is trained using level sets
generated from historical data to evaluate the yield behavior of the material. By applying Newton iteration to the yield
function of the network, we determine the plastic increment and update the plastic state accordingly. Based on the above
research, this paper couples the data-trained hybrid failure network module to realize the plastic-fracture coupling model.
Numerical results show that the displacement field, equivalent plastic stress, and cumulative plastic strain predicted by
the proposed model are consistent with those obtained by the OSB-PD model. Finally, the application value of the pro-
posed method in practical engineering is demonstrated through the case of slope excavation instability. Future work will
consider introducing new training methods, such as attention mechanisms, to improve long-range prediction accuracy.
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